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a b s t r a c t
(1, α)-resolvable candelabra quadruple systems play an important role in the construction
of (1, α)-resolvable Steiner quadruple systems. In this paper, we consider (1, 2)-resolvable
candelabra quadruple systems with three groups and show that the necessary conditions
on the existence of (1, 2)-RCQS(g3 : s)when g is even are also sufficient. As its application,
we improve the existing result on (1, 2)-resolvable Steiner quadruple systems.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Candelabra quadruple systems play an important role in the construction of Steiner 3-designs (see, for example, [7,11]).
A candelabra quadruple system of order v with a candelabra of type (ga11 · · · gakk : s), denoted by CQS(ga11 · · · gakk : s) is a
quadruple (X, S,G,A), where X is a set of v = s+1≤i≤k aigi points, S is a subset of X of size s, and G = {G1,G2, . . .} is a
partition of X \ S of type ga11 · · · gakk . The set A contains 4-subsets of X , called blocks, such that every 3-subset T ⊂ X with|T ∩ (S ∪Gi)| < 3 for all i, is contained in a unique block and no 3-subset of S ∪Gi is contained in any block. The members of
G are called branches or groups, and S is called the stem of the candelabra. If a CQS has n groups of size g and a stem of size
s, then we denoted it by CQS(gn : s).
Zhang [13] gave the necessary conditions for a CQS(gn : s) to exist. When n = 3, the necessary conditions can be divided
into the following six cases.
g s
0 (mod 6) 0 (mod 2) and s ≤ g
1 (mod 6) 1 (mod 12) and s < g
2 (mod 6) 2 (mod 6) and s ≤ g
3 (mod 6) 1 (mod 4) and s < g
4 (mod 6) 4 (mod 6) and s ≤ g
5 (mod 6) 5 (mod 12) and s < g
∗ Corresponding author.
E-mail address: dubl@suda.edu.cn (B. Du).
0012-365X/$ – see front matter© 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2012.03.016
Z. Meng et al. / Discrete Mathematics 312 (2012) 1968–1978 1969
Let (X, S,G,B) be a CQS(gn : s). P ⊂ B is an α-resolution class if each point of X occurs in exactly α blocks in P . For each
groupG ⊂ G, P ′ ⊂ B is a partialα-resolution class if each point of X \(G∪S) occurs in exactlyα blocks in P ′. IfB can be parti-
tioned into n(n− 1)g2/(6α) α-resolution classes and g(g + 2s− 3)/(6α) partial α-resolution classes for each group G ⊂ G,
then this system is called a (1, α)-resolvable candelabra quadruple system and is denoted by (1, α)-RCQS(gn : s). We will
denote a (1, 1)-RCQS(gn : s) by RCQS(gn : s), and call it a resolvable candelabra quadruple system. (1, α)-resolvable cande-
labra quadruple systems play an important role in the construction of (1, α)-resolvable 3-designs (see, for example, [6,10]).
We have proved in paper [9] that the necessary conditions on RCQS(g3 : s)when g is even are also sufficient.
Theorem 1.1. Let g be even and s ≤ g. There exists an RCQS(g3 : s) if and only if
(1) g ≡ 0 (mod 12) and s ≡ 0, 4, 8 (mod 12) or
(2) g ≡ 6 (mod 12) and s ≡ 2, 6, 10 (mod 12) or
(3) g ≡ s (mod 12) for s = 2, 4, 8 or 10.
In this paper, we are concerned with (1, 2)-resolvable candelabra quadruple systems with group sizes even, and prove
that the necessary conditions on (1, 2)-RCQS(g3 : s) are also sufficient.
Theorem 1.2. Let g be even and s ≤ g. There exists a (1, 2)-RCQS(g3 : s) if and only if
(1) g ≡ 0 (mod 12) and s ≡ 0 (mod 2) or
(2) g ≡ 4 (mod 12) and s ≡ 4, 10 (mod 12) or
(3) g ≡ 8 (mod 12) and s ≡ 2, 8 (mod 12).
Since a (1, 2)-RCQS(gn : s) has g2/2 2-resolution classes and every 2-resolution class concludes (ng + s)/2 blocks and
the number of partial resolution classes is g(g + 2s − 3)/12. So g2/2, (ng + s)/2 and g(g + 2s − 3)/12 must be integers.
When n = 3, we have the necessary conditions above.
From Theorem 1.1, we only need to prove the following result.
Theorem 1.3. There exists a (1, 2)-RCQS(g3 : s) with s ≤ g if
(1) g ≡ 0 (mod 12) and s ≡ 2, 6, 10 (mod 12) or
(2) g ≡ 4 (mod 12) and s ≡ 10 (mod 12) or
(3) g ≡ 8 (mod 12) and s ≡ 2 (mod 12).
2. A construction from (1, 2)-RHFg (mn : s)
Webeginwith some graph theoretical definitions and results. LetG be a graphwith g vertices in the range 0, 1, . . . , g−1.
Let D(u, v) = min{|v− u|, g − |v− u|}. For any subset D ⊂ {1, 2, . . . , ⌊g/2⌋}, define G(D, g) to be the graph on Zg with the
edge set {{u, v} : D(u, v) ∈ D}.
A one-factor is a set of pairwise disjoint edges of graphG(D, g) that between themcontain every vertex. A one-factorization
of graph G(D, g) is a partition of the set of edges into edge disjoint one-factors.
For the existence of the one-factorization of G(D, g), we have the following result.
Lemma 2.1 ([12]). Let g be even and D be a subset of {1, 2, . . . , g/2}. Then G(D, g) has a one-factorization if and only if
g/gcd(j, g) is even for some j ∈ D.
For a positive integer n, a near-one-factorization of the complete graph on Z2n−1 is a factorization where each factor has
one vertex of degree zero, all other vertices having degree 1. A near-one-factorization of the complete graph on Z2n−1 can
be constructed from a one-factorization of the complete graph on Z2n by deleting a single vertex.
Lemma 2.2. Let n be a positive integer. There exists a near-one-factorization of the complete graph on Z2n−1.
For positive integers q, g, k and t , an H(q, g, k, t) frame, denoted by HF(q, g, k, t), is a quadruple (X,G,B,F ) with the
following properties:
(1) X is a set of qg points;
(2) G = {G1,G2, . . . ,Gq} is an equipartition of X into q groups;
(3) F is a family {Fi} of subsets of G called holes, which is closed under intersections. Hence each hole Fi ∈ F is of the form
Fi = {Gi1,Gi2, . . . ,Gis}. Here Gil ∈ G, 1 ≤ l ≤ s. Obviously, if Fi and Fj are holes then Fi ∩ Fj is also a hole. The number of
groups in a hole is its size; and
(4) B is a set of k-element transverses of Gwith the property that every t-element transverse of G, which is not a t-element
transverse of any hole Fi ∈ F is contained in precisely one block ofB, and no block contains a t-element transverse of
any hole.
If an HF(q, g, 4, 3) has n holes of sizem+ s, which intersect on a common hole of size s and nm+ s = q, then we denote
such a design by HF(mn : s)with group size g , or briefly by HFg(mn : s).
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An HFg(mn : s)(X,G,B,F ) with F = {Fi : 0 ≤ i ≤ n} and F0 the common hole of size s is said to be (1, α)-resolvable,
denoted by (1, α)-RHFg(mn : s), if its block set can be partitioned into (nmg2(m+ 2s− 3)+ n(n− 1)(mg)2)/6α parts with
the following properties:
(1) For each hole Fi, 1 ≤ i ≤ n, there are exactly mg2(m + 2s − 3)/6α parts, each being a partial α-parallel class of
X \ (G∈Fi G);
(2) There are n(n− 1)(mg)2/6α parts, each being an α-parallel class on X .
Lemma 2.3 ([14]). There exists a (1, 2)-RHF 2((6n+ s+ 3)3 : s) for each n ≥ 0 and s ≥ 1.
Lemma 2.4. Let n be an odd positive integer, g be an even positive integer and mg be divided by 4. If there exists a
(1, 2)-RHF g(mn : s), then there exists a (1, 2)-RCQS((mg)n : sg).
Proof. Let (X,G,B,F ) be a (1, α)-RHFg(mn : s), where G = {Gij : 1 ≤ i ≤ n, 1 ≤ j ≤ m} ∪ {Gk : 1 ≤ k ≤ s},F = {Fi :
0 ≤ i ≤ n}, Fi = {Gij : 1 ≤ j ≤ m}, 1 ≤ i ≤ n, the common hole F0 = {Gk : 1 ≤ k ≤ s}.
Let ű = {Pi : 1 ≤ i ≤ n(n− 1)(mg)2/12} be the 2-resolution classes set, űi = {P ij : 1 ≤ j ≤ mg2(m+ 2s− 3)/12} be the
partial 2-resolution classes set of X \ ((1≤j≤m Gij)(1≤k≤s Gk)), 1 ≤ i ≤ n.
Let Ti, 1 ≤ i ≤ n be a near-one-factorization of the complete graph on Zn. LetM ij (k), 1 ≤ i ≤ n, 1 ≤ j ≤ m, 1 ≤ k ≤ g−1
be a one-factorization of the complete graph on Gij,OF
i(k) =1≤j≤m M ij (k), 1 ≤ i ≤ n, 1 ≤ k ≤ g − 1.
For 1 ≤ i ≤ n, 1 ≤ j ≤ mg/4, let ű′i(j) = {{a, b, c, d} : {a, b} is the pth edge of OFx(k), {c, d} is the (p + j)th and the
(p+ j+mg/4)th edge of OFy(k), respectively, {x, y} is the lth edge of Ti, 1 ≤ p ≤ mg/2, 1 ≤ k ≤ g − 1, 1 ≤ l ≤ (n− 1)/2}.








1≤k≤s Gk)), 1 ≤ i ≤ n.
LetB ′ = B(1≤i≤n,1≤j≤mg/4 ű′i(j)). Let S =1≤k≤s Gk and G′ = {G′i =1≤j≤m Gij : 1 ≤ i ≤ n}.
Then (X, S,G′,B ′) is a (1, 2)-RCQS((mg)n : sg), with the 2-resolution classes set ű and the partial 2-resolution classes
set of X \ ((1≤j≤m Gij)(1≤k≤s Gk)), űi(1≤j≤mg/4 ű′i(j)) for 1 ≤ i ≤ n. 
Theorem 2.5. If g ≡ w + 6 (mod 12), w ≡ 2, 6, 10 (mod 12) and g ≥ w, then there exists a (1, 2)-RCQS(g3 : w).
Proof. Letm ≥ s ≥ 1, and
(1) m ≡ 0 (mod 6), s ≡ 3 (mod 6) or
(2) m ≡ 2 (mod 6), s ≡ 5 (mod 6) or
(3) m ≡ 4 (mod 6), s ≡ 1 (mod 6).
Applying Lemma 2.4 with (1, 2)-RHF2(m3 : s) in Lemma 2.3, we obtain the desired design. 
From Theorem 2.5, we only need to consider the existence of a (1, 2)-RCQS(g3 : s) that satisfies the condition g ≡
0 (mod 12) and s ≡ 2, 10 (mod 12).
3. The case g ≡ 0 (mod 12)
In order to make the proof of Theorem 3.1 more clearly, we first list the block set of a CQS((12k)3 : 12u+ 2).
We shall construct the design, CQS((12k)3 : 12u+ 2) for 0 ≤ u < k, on Y = (Z12k × Z3)({∞} × Z12u+2) with groups
Gi = Z12k × {i}, i ∈ Z3, and a stem S = {∞} × Z12u+2. The block set of the design consists of seven parts as follows.
a: {{∞0, x0, y1, z2} : x+ y+ z ≡ 3 (mod 12k)},
{{∞1, x0, y1, z2} : x+ y+ z ≡ 6k+ 6 (mod 12k)};
b: for k− u− 1 ≤ m ≤ k− 2,
{{∞12(m−k+u+1)+2, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 9 (mod 12k)},
{{∞12(m−k+u+1)+3, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 10 (mod 12k)},
{{∞12(m−k+u+1)+4, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 11 (mod 12k)},
{{∞12(m−k+u+1)+5, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 6 (mod 12k)},
{{∞12(m−k+u+1)+6, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 7 (mod 12k)},
{{∞12(m−k+u+1)+7, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 8 (mod 12k)},
{{∞12(m−k+u+1)+8, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 5 (mod 12k)},
{{∞12(m−k+u+1)+9, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 4 (mod 12k)},
{{∞12(m−k+u+1)+10, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 3 (mod 12k)},
{{∞12(m−k+u+1)+11, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 2 (mod 12k)},
{{∞12(m−k+u+1)+12, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 1 (mod 12k)},
{{∞12(m−k+u+1)+13, x0, y1, z2} : x+ y+ z ≡ 24k− 6m (mod 12k)};
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c: {{x0, (x+ 1)0, y1, z2} : x+ y+ z ≡ 6k (mod 12k)},
{{x0, y1, (y+ 1)1, z2} : x+ y+ z ≡ 6k+ 2 (mod 12k)},
{{x0, y1, z2, (z + 1)2} : x+ y+ z ≡ 6k+ 4 (mod 12k)};
{{x0, (x+ 6i− 2)0, y1, z2} : x+ y+ z ≡ 3(2k− i)+ 3 (mod 12k)},
{{x0, y1, (y+ 6i− 2)1, z2} : x+ y+ z ≡ 3(2k− i)+ 4 (mod 12k)},
{{x0, y1, z2, (z + 6i− 2)2} : x+ y+ z ≡ 3(2k− i)+ 5 (mod 12k)},
where 2u+ 2 ≤ i ≤ 2k− 1;
d: {{xi, (x+ 4)i, yi+1, zi+2} : i ∈ Z3, y ≡ z (mod 3), x+ y+ z ≡ 1 (mod 12k)},
{{xi, (x+ 2)i, yi+1, zi+2} : i ∈ Z3, y ≡ z (mod 3), x+ y+ z ≡ 2 (mod 12k)};
e: {{xi, (x+ 2)i, yi+1, (y+ 4)i+1} : i ∈ Z3, x ≡ y+ 1 (mod 3)};
f: {{xi, (x+ 4)i, yi+1, (y+ 2)i+1} : i ∈ Z3, x+ 1 ≡ y (mod 3)};
g: {{xi, yi, zj, wj} : 0 ≤ i < j ≤ 2, {x, y} ∈ Ft , {z, w} ∈ Ft , t ∈ Z8k+4u−3},
where Ft , t ∈ Z8k+4u−3, is a one-factorization of G(D, 12k),
D = {1, 2, 3, . . . , 6k} \ ({D(0, 6s− 2) : 2u+ 2 ≤ s ≤ 2k− 1} ∪ {1, 2, 4}).
It is easy to check that all the blocks above form the block set of a CQS((12k)3 : 12u + 2). In the next theorem, we will
use these blocks to give a (1, 2)-RCQS((12k)3 : 12u+ 2).
Since the blocks of a and b contain the infinity point and the blocks of c and d contain at least one point in every group,
then the block sets of a, b, c and dmust be used to construct the 2-resolution classes of the (1, 2)-RCQS((12k)3 : 12u+2). The
block sets of e, f and g can be used to construct either the 2-resolution class or the partial 2-resolution class. Notice that the
number of the blocks in the 2-resolution classes of the (1, 2)-RCQS((12k)3 : 12u+2) is totally 72k2(18k+6u+1), the one in a,
b, c, d and e is 288k2(3k+3u+1)which is smaller than the former. Sowe need to take some blocks from g to construct the 2-
resolution classes of the (1, 2)-RCQS((12k)3 : 12u+2). The blocks of f can’t form any partial 2-resolution class by itself. Then
we take some blocks of g and the blocks of f to construct the partial 2-resolution classes of the (1, 2)-RCQS((12k)3 : 12u+2).
We will state the detail in the proof of Theorem 3.1. In a word, we use all the blocks of a,b,c,d and e and partial blocks of g
to construct the 2-resolution classes of the (1, 2)-RCQS((12k)3 : 12u + 2), and all the blocks of f and the remaining blocks
of g to construct the partial 2-resolution classes of the (1, 2)-RCQS((12k)3 : 12u+ 2).
In order to describe the role of a, b, c, d, e, f and g playing here, we make a table. The table in the following will show the
equivalence relation between the block sets of the CQS((12k)3 : 12u + 2) and 2-resolution classes or partial 2-resolution
classes of the (1, 2)-RCQS((12k)3 : 12u+ 2). In fact, the two parts in the same line conclude the same blocks, just they are
shown in different forms.
Blocks in CQS((12k)3 : 12u+ 2) Blocks in (1, 2)-RCQS((12k)3 : 12u+ 2)
a The first two blocks of the third part of the 2-resolution classes
b The second part of the 2-resolution classes
c The fourth part of the 2-resolution classes
d (1) and (2) of the first part of the 2-resolution classes
e (3) of the first part of the 2-resolution classes
f The partial blocks in (1) of the partial 2-resolution classes
The remaining blocks of the third part of the 2-resolution classes,
g the fifth part of the 2-resolution classes, the remaining blocks in (1) of the
partial 2-resolution classes, (2) and (3) of the partial 2-resolution classes
Theorem 3.1. There exists a (1, 2)-RCQS((12k)3 : 12u+ 2) for 0 ≤ u < k.
Proof. We shall construct the required design on Y = (Z12k× Z3)({∞}× Z12u+2)with groups Gi = Z12k×{i}, i ∈ Z3 and
a stem S = {∞} × Z12u+2 for 0 ≤ u < k.
Let x be even, x, y, z ∈ Z12k, x+ y+ z ≡ 0 (mod 12k) and a ∈ {0, 3}. Each of the following (12k)2/2 2-resolution classes
consists of five parts. The first part is below.
(1) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3), then the first part consists of the following.
{(x+ a+ 12k− 1)0, (x+ a+ 3)0, (y− a)1, (z + 2)2},
{(x+ a+ 2)0, (y− a+ 12k− 1)1, (y− a+ 3)1, z2},
{(x+ a)0, (y− a+ 2)1, (z + 12k− 1)2, (z + 3)2}.
(2) If x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3), then the first part consists of the following.
{(x+ a)0, (x+ a+ 2)0, (y− a+ 12k− 1)1, (z + 3)2},
{(x+ a+ 3)0, (y− a)1, (y− a+ 2)1, (z + 12k− 1)2},
{(x+ a+ 12k− 1)0, (y− a+ 3)1, z2, (z + 2)2}.
1972 Z. Meng et al. / Discrete Mathematics 312 (2012) 1968–1978
(3) If x ≡ y ≡ z (mod 3), then the first part consists of the following.
{(x+ a)0, (x+ a+ 2)0, (y− a+ 12k− 1)1, (y− a+ 3)1},
{(y− a)1, (y− a+ 2)1, (z + 12k− 1)2, (z + 3)2},
{(x+ a+ 12k− 1)0, (x+ a+ 3)0, z2, (z + 2)2}.
The second part is below, where k− u− 1 ≤ m ≤ k− 2.
{∞12(m−k+u+1)+2, (x+ a+ 6m+ 7)0, (y− a+ 6m+ 5)1, (z + 12k− 6m− 3)2},
{∞12(m−k+u+1)+3, (x+ a+ 12k− 6m− 3)0, (y− a+ 6m+ 7)1, (z + 6m+ 6)2},
{∞12(m−k+u+1)+4, (x+ a+ 6m+ 6)0, (y− a+ 12k− 6m− 2)1, (z + 6m+ 7)2},
{∞12(m−k+u+1)+5, (x+ a+ 6m+ 4)0, (y− a+ 12k− 6m− 3)1, (z + 6m+ 5)2},
{∞12(m−k+u+1)+6, (x+ a+ 6m+ 5)0, (y− a+ 6m+ 4)1, (z + 12k− 6m− 2)2},
{∞12(m−k+u+1)+7, (x+ a+ 12k− 6m− 2)0, (y− a+ 6m+ 6)1, (z + 6m+ 4)2},
{∞12(m−k+u+1)+8, (x+ a+ 12k− 6m− 7)0, (y− a+ 6m+ 8)1, (z + 12k− 6m− 6)2},
{∞12(m−k+u+1)+9, (x+ a+ 12k− 6m− 6)0, (y− a+ 12k− 6m− 7)1, (z + 6m+ 9)2},
{∞12(m−k+u+1)+10, (x+ a+ 6m+ 9)0, (y− a+ 12k− 6m− 5)1, (z + 12k− 6m− 7)2},
{∞12(m−k+u+1)+11, (x+ a+ 12k− 6m− 4)0, (y− a+ 12k− 6m− 6)1, (z + 6m+ 8)2},
{∞12(m−k+u+1)+12, (x+ a+ 6m+ 8)0, (y− a+ 12k− 6m− 4)1, (z + 12k− 6m− 5)2},
{∞12(m−k+u+1)+13, (x+ a+ 12k− 6m− 5)0, (y− a+ 6m+ 9)1, (z + 12k− 6m− 4)2}.
The third part is below.
{∞0, (x+ a+ 1)0, (y− a+ 1)1, (z + 1)2},
{∞1, (x+ a+ 6k+ 4)0, (y− a+ 6k− 1)1, (z + 6k+ 3)2}.
(1) If y is even, then the third part needs to add the following.
{(x+ 6k− 2)0, (x+ 6k+ 3)0, (y+ 6k− 2)1, (y+ 6k+ 3)1},
{(y+ 6k− 5)1, (y+ 6k)1, (z + 6k− 1)2, (z + 6k+ 4)2},
{(z + 6k− 1)2, (z + 6k+ 4)2, (x+ 6k+ 1)0, (x+ 6k+ 6)0}.
(2) If y is odd, then the third part needs to add the following.
{(x+ 6k+ 1)0, (x+ 6k+ 6)0, (y+ 6k− 2)1, (y+ 6k+ 3)1},
{(y+ 6k− 5)1, (y+ 6k)1, (z + 6k− 1)2, (z + 6k+ 4)2},
{(z + 6k− 1)2, (z + 6k+ 4)2, (x+ 6k− 2)0, (x+ 6k+ 3)0}.
The fourth part is below, where 0 ≤ m ≤ k− u− 2.
{(x+ a+ 6k)0, (x+ a+ 6k+ 1)0, (y− a+ 6k+ 2)1, (z + 6k− 2)2},
{(x+ a+ 6k+ 2)0, (y− a+ 6k)1, (y− a+ 6k+ 1)1, (z + 6k)2},
{(x+ a+ 6k− 1)0, (y− a+ 6k+ 4)1, (z + 6k+ 1)2, (z + 6k+ 2)2};
{(x+ a+ 6m+ 7)0, (x+ a+ 12k− 6m− 7)0, (y− a+ 6m+ 5)1, (z + 12k− 6m− 3)2},
{(x+ a+ 12k− 6m− 3)0, (y− a+ 6m+ 7)1, (y− a+ 12k− 6m− 7)1, (z + 6m+ 6)2},
{(x+ a+ 6m+ 6)0, (y− a+ 12k− 6m− 2)1, (z + 6m+ 7)2, (z + 12k− 6m− 7)2},
{(x+ a+ 6m+ 4)0, (x+ a+ 12k− 6m− 4)0, (y− a+ 12k− 6m− 3)1, (z + 6m+ 5)2},
{(x+ a+ 6m+ 5)0, (y− a+ 6m+ 4)1, (y− a+ 12k− 6m− 4)1, (z + 12k− 6m− 2)2},
{(x+ a+ 12k− 6m− 2)0, (y− a+ 6m+ 6)1, (z + 6m+ 4)2, (z + 12k− 6m− 4)2}.
The fifth part is below, where 0 ≤ m ≤ k− u− 2.
(1) If (x, y, z) ≡ (0, 0, 0) (mod 2), then the fifth part consists of the following.
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (y+ 6m+ 9)1, (y+ 12k− 6m− 6)1},
{(y+ 6m+ 8)1, (y+ 12k− 6m− 5)1, (z + 6m+ 9)2, (z + 12k− 6m− 6)2},
{(x+ 6m+ 9)0, (x+ 12k− 6m− 6)0, (z + 6m+ 8)2, (z + 12k− 6m− 5)2},
{(x+ 3+ 6m+ 8)0, (x+ 3+ 12k− 6m− 5)0, (y− 3+ 6m+ 8)1, (y− 3+ 12k− 6m− 5)1},
{(y− 3+ 6m+ 9)1, (y− 3+ 12k− 6m− 6)1, (z + 6m+ 8)2, (z + 12k− 6m− 5)2},
{(x+ 3+ 6m+ 9)0, (x+ 3+ 12k− 6m− 6)0, (z + 6m+ 9)2, (z + 12k− 6m− 6)2}.
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(2) If (x, y, z) ≡ (0, 1, 1) (mod 2), then the fifth part consists of the following.
{(x+ 6m+ 9)0, (x+ 12k− 6m− 6)0, (y+ 6m+ 9)1, (y+ 12k− 6m− 6)1},
{(y+ 6m+ 8)1, (y+ 12k− 6m− 5)1, (z + 6m+ 8)2, (z + 12k− 6m− 5)2},
{(x+ 6m+ 8)0, (x+ 12k− 6m− 5)0, (z + 6m+ 9)2, (z + 12k− 6m− 6)2},
{(x+ 3+ 6m+ 9)0, (x+ 3+ 12k− 6m− 6)0, (y− 3+ 6m+ 8)1, (y− 3+ 12k− 6m− 5)1},
{(y− 3+ 6m+ 9)1, (y− 3+ 12k− 6m− 6)1, (z + 6m+ 9)2, (z + 12k− 6m− 6)2},
{(x+ 3+ 6m+ 8)0, (x+ 3+ 12k− 6m− 5)0, (z + 6m+ 8)2, (z + 12k− 6m− 5)2}.
The partial resolution classes are divided into three parts.
(1) For i ∈ Z3,m ∈ Z4k, j ∈ Z3, let P(i,m, j) = {{(3m+3n+j+12k−1)i+1, (3m+3n+j+3)i+1, (3n+j)i+2, (3n+j+2)i+2} : n ∈
Z4k}{{(3m+6s+j+1)i+1, (3m+6s+j+4)i+1, (3m+6(s+l)+j+1)i+2, (3m+6(s+l)+j+4)i+2} : s ∈ Z2k, l = [m/2]}.
Then P(i,m, j) is a partial resolution class missing Gi ∪ S.
(2) Let F ′0 = {{1, 4}, {3, 6}, {5, 8}, . . . , {12k − 1, 2}}, F ′1 = {{0, 3}, {2, 5}, {4, 7}, . . . , {12k − 2, 1}}. For i ∈ Z3,m ∈{1, 2, 3, . . . , 6k} \ {3n + 3 : n ∈ Z2k}, t ∈ Z2, let P ′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of
F ′t , {c, d} is the (l+m)-th edge of F ′t , 1 ≤ l ≤ 6k}. Then P ′(i,m, t) is a partial resolution class missing Gi ∪ S.
(3) For D = {1, 2, 3, . . . , 6k} \ ({D(0, 6s − 2) : 2u + 2 ≤ s ≤ 2k − 1} ∪ {1, 2, 3, 4, 5} ∪ {D(0, 12j + 9),D(0, 12j + 11) :
u ≤ j ≤ k − 2}), let Ft , t ∈ Z4k+8u−3, be a one-factorization of G(D, 12k). For i ∈ Z3, 1 ≤ m ≤ 6k, t ∈ Z4k+8u−3, let
P ′′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of Ft , {c, d} is the (l + m)-th edge of Ft , 1 ≤ l ≤ 6k}.Then
P ′′(i,m, t) is a partial resolution class missing Gi ∪ S.
We can get all the partial 2-resolution classes by combining every two partial resolution classes above.
Then the (1, 2)-RCQS((12k)3 : 12u+ 2) is obtained. 
As we did in Theorem 3.1, in order to make the proof of Theorem 3.2 more clearly, we list the block set of CQS((12k)3 :
12u+10) for 0 ≤ u < k. We shall construct the design on Y = (Z12k×Z3)({∞}×Z12u+10)with groups Gi = Z12k×{i}, i ∈
Z3, and a stem S = {∞} × Z12u+10. The block set of the design consists of five parts as follows.
a: {{∞0, x0, y1, z2} : x+ y+ z ≡ 1 (mod 12k)},
{{∞1, x0, y1, z2} : x+ y+ z ≡ 3 (mod 12k)},
{{∞2, x0, y1, z2} : x+ y+ z ≡ 5 (mod 12k)};
{{∞j+3, x0, y1, z2} : x+ y+ z ≡ 6k+ j (mod 12k)},
where 0 ≤ j ≤ 6;
b: for k− u− 1 ≤ m ≤ k− 2,
{{∞12(m−k+u+1)+10, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 9 (mod 12k)},
{{∞12(m−k+u+1)+11, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 10 (mod 12k)},
{{∞12(m−k+u+1)+12, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 11 (mod 12k)},
{{∞12(m−k+u+1)+13, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 6 (mod 12k)},
{{∞12(m−k+u+1)+14, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 7 (mod 12k)},
{{∞12(m−k+u+1)+15, x0, y1, z2} : x+ y+ z ≡ 12k+ 6m+ 8 (mod 12k)},
{{∞12(m−k+u+1)+16, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 5 (mod 12k)},
{{∞12(m−k+u+1)+17, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 4 (mod 12k)},
{{∞12(m−k+u+1)+18, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 3 (mod 12k)},
{{∞12(m−k+u+1)+19, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 2 (mod 12k)},
{{∞12(m−k+u+1)+20, x0, y1, z2} : x+ y+ z ≡ 24k− 6m− 1 (mod 12k)},
{{∞12(m−k+u+1)+21, x0, y1, z2} : x+ y+ z ≡ 24k− 6m (mod 12k)};
c: {{x0, (x+ 6i− 2)0, y1, z2} : x+ y+ z ≡ 3(2k− i)+ 3 (mod 12k)},
{{x0, y1, (y+ 6i− 2)1, z2} : x+ y+ z ≡ 3(2k− i)+ 4 (mod 12k)},
{{x0, y1, z2, (z + 6i− 2)2} : x+ y+ z ≡ 3(2k− i)+ 5 (mod 12k)},
where 2u+ 2 ≤ i ≤ 2k− 1;
d: {{xi, (x+ 2)i, yi+1, zi+2} : i ∈ Z3, y ≡ z (mod 3), x+ y+ z ≡ 2 (mod 12k)},
{{xi, (x+ 2)i, yj, (y+ 2)j} : 0 ≤ i < j ≤ 2, x ≡ y (mod 3)};
e: {{xi, yi, zj, wj} : 0 ≤ i < j ≤ 2, {x, y} ∈ Ft , {z, w} ∈ Ft , t ∈ Z8k+4u+1},
where Ft , t ∈ Z8k+4u+1, is a one-factorization of G(D, 12k),
D = {1, 2, 3, . . . , 6k} \ ({D(0, 6s− 2) : 2u+ 2 ≤ s ≤ 2k− 1} ∪ {2}).
Here the blocks above form the block set of a CQS((12k)3 : 12u + 10). In the next theorem, we will use these blocks to
give a (1, 2)-RCQS((12k)3 : 12u+10). First, we will use the blocks of a, b and c and partial blocks of d and e to construct the
2-resolution classes. Next, we use the remaining blocks of d and e to construct the partial 2-resolution classes. The table in
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the following will show the equivalence relation between the blocks of CQS and (1, 2)-CQS. The two parts in the same line
conclude the same blocks, just that they occur in different forms.
Blocks in CQS((12k)3 : 12u+ 10) Blocks in (1, 2)-RCQS((12k)3 : 12u+ 10)
a The second part of the 2-resolution classes
b The third part of the 2-resolution classes
c The fourth part of the 2-resolution classes
The first part of d The partial blocks of the first part of the 2-resolution classes
The second part of d (1) of the partial resolution classes
The remaining blocks of the first part of the 2-resolution classes,
e the fifth part of the 2-resolution classes, (2) and (3) of the partial
resolution classes
Theorem 3.2. There exists a (1, 2)-RCQS((12k)3 : 12u+ 10) for 0 ≤ u < k.
Proof. We shall construct the required design on Y = (Z12k× Z3)({∞}× Z12u+10)with groups Gi = Z12k×{i}, i ∈ Z3 and
a stem S = {∞} × Z12u+10 for 0 ≤ u < k.
Let x, y, z ∈ Z12k, x+ y+ z ≡ 0 (mod 12k), a, b, c be integers and their value can be divided into six cases.
(1) x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3).
(i) x, y, z are all even and (a, b, c) ∈ {(0, 0, 0), (0, 0,−3)};
(ii) x is even, y, z are both odd and (a, b, c) ∈ {(0, 0, 0), (0,−6,−3)}.
(2) x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3).
(i) x, y, z are all even and (a, b, c) ∈ {(0, 0, 0), (−3, 0, 0)};
(ii) x, y are both odd, z is even and (a, b, c) ∈ {(0, 0, 0), (0,−3, 3)}.
(3) x ≡ y ≡ z (mod 3).
(i) x, y, z are all even and (a, b, c) ∈ {(0, 0, 0), (0, 3, 0)};
(ii) x is even, y, z are both odd and (a, b, c) ∈ {(0, 0, 0), (−3, 0, 3)}.
Each of the following (12k)2/2 2-resolution classes consists of five parts. The first part is below.
(1) x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3).
(i) If x, y, z are all even, the first part consists of the following.
{(x+ b− c + 1)0, (y− a+ c)1, (z + a− b+ 1)2, (z + a− b+ 3)2},
{(x+ 3)0, (x+ 6)0, (y+ 12k− 5)1, (y+ 12k− 2)1}.
(ii) If x is even and y, z are both odd, the first part consists of the following.
{(x+ b− c + 1)0, (y− a+ c)1, (z + a− b+ 1)2, (z + a− b+ 3)2},
{x0, (x+ 3)0, (y+ 12k− 5)1, (y+ 12k− 2)1}.
(2) x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3).
(i) If x, y, z are all even, then the first part consists of the following.
{(x+ b− c + 1)0, (x+ b− c + 3)0, (y− a+ c)1, (z + a− b+ 1)2},
{(y+ 12k− 2)1, (y+ 12k+ 1)1, z2, (z + 3)2, }.
(ii) If x, y are both odd and z is even, then the first part consists of the following.
{(x+ b− c + 1)0, (x+ b− c + 3)0, (y− a+ c)1, (z + a− b+ 1)2},
{(y+ 12k− 2)1, (y+ 12k+ 1)1, (z + 3)2, (z + 6)2, }.
(3) x ≡ y ≡ z (mod 3).
(i) If x, y, z are all even, then the first part consists of the following.
{(x+ b− c + 1)0, (y− a+ c + 12k− 2)1, (y− a+ c)1, (z + a− b+ 1)2},
{(x+ 3)0, (x+ 6)0, z2, (z + 3)2}.
(ii) If x is even and y, z are both odd, then the first part consists of the following.
{(x+ b− c + 1)0, (y− a+ c + 12k− 2)1, (y− a+ c)1, (z + a− b+ 1)2},
{x0, (x+ 3)0, z2, (z + 3)2}.
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The second part consists of the following.
{∞0, (x+ b− c)0, (y− a+ c + 1)1, (z + a− b)2},
{∞1, (x+ b− c + 2)0, (y− a+ c + 12k− 1)1, (z + a− b+ 2)2},
{∞2, (x+ b− c + 4)0, (y− a+ c + 12k− 3)1, (z + a− b+ 4)2},
{∞3, (x+ b− c + 6k)0, (y− a+ c + 6k)1, (z + a− b+ 6k)2},
{∞4, (x+ b− c + 6k+ 3)0, (y− a+ c + 6k− 1)1, (z + a− b+ 6k− 1)2},
{∞5, (x+ b− c + 6k− 1)0, (y− a+ c + 6k− 2)1, (z + a− b+ 6k+ 5)2},
{∞6, (x+ b− c + 6k+ 1)0, (y− a+ c + 6k+ 1)1, (z + a− b+ 6k+ 1)2},
{∞7, (x+ b− c + 6k+ 5)0, (y− a+ c + 6k− 4)1, (z + a− b+ 6k+ 3)2},
{∞8, (x+ b− c + 6k+ 4)0, (y− a+ c + 6k− 3)1, (z + a− b+ 6k+ 4)2},
{∞9, (x+ b− c + 6k+ 2)0, (y− a+ c + 6k+ 2)1, (z + a− b+ 6k+ 2)2}.
The third part consists of the following, where k− u− 1 ≤ m ≤ k− 2.
{∞12(m−k+u+1)+10, (x+ b− c + 6m+ 8)0, (y− a+ c + 6m+ 3)1, (z + a− b− 6m+ 12(k− 2)+ 22)2},
{∞12(m−k+u+1)+11, (x+ b− c − 6m+ 12(k− 2)+ 22)0, (y− a+ c + 6m+ 5)1, (z + a− b+ 6m+ 7)2},
{∞12(m−k+u+1)+12, (x+ b− c + 6m+ 7)0, (y− a+ c − 6m+ 12(k− 2)+ 20)1, (z + a− b+ 6m+ 8)2},
{∞12(m−k+u+1)+13, (x+ b− c + 6m+ 5)0, (y− a+ c − 6m+ 12(k− 2)+ 19)1, (z + a− b+ 6m+ 6)2},
{∞12(m−k+u+1)+14, (x+ b− c + 6m+ 6)0, (y− a+ c + 6m+ 2)1, (z + a− b− 6m+ 12(k− 2)+ 23)2},
{∞12(m−k+u+1)+15, (x+ b− c − 6m+ 12(k− 2)+ 23)0, (y− a+ c + 6m+ 4)1, (z + a− b+ 6m+ 5)2},
{∞12(m−k+u+1)+16, (x+ b− c − 6m+ 12(k− 2)+ 18)0, (y− a+ c + 6m+ 6)1,
(z + a− b− 6m+ 12(k− 2)+ 19)2},
{∞12(m−k+u+1)+17, (x+ b− c − 6m+ 12(k− 2)+ 19)0, (y− a+ c − 6m+ 12(k− 2)+ 15)1,
(z + a− b+ 6m+ 10)2},
{∞12(m−k+u+1)+18, (x+ b− c − 6m+ 12(k− 2)+ 20)0, (y− a+ c + 6m+ 7)1,
(z + a− b− 6m+ 12(k− 2)+ 18)2},
{∞12(m−k+u+1)+19, (x+ b− c − 6m+ 12(k− 2)+ 21)0, (y− a+ c − 6m+ 12(k− 2)+ 16)1,
(z + a− b+ 6m+ 9)2},
{∞12(m−k+u+1)+20, (x+ b− c + 6m+ 9)0, (y− a+ c − 6m+ 12(k− 2)+ 18)1,
(z + a− b− 6m+ 12(k− 2)+ 20)2},
{∞12(m−k+u+1)+21, (x+ b− c + 6m+ 10)0, (y− a+ c − 6m+ 12(k− 2)+ 17)1,
(z + a− b− 6m+ 12(k− 2)+ 21)2}.
The fourth part consists of the following, where 0 ≤ m ≤ k− u− 2.
{(x+ b− c + 6m+ 8)0, (x+ b− c − 6m+ 12(k− 2)+ 18)0, (y− a+ c + 6m+ 3)1,
(z + a− b− 6m+ 12(k− 2)+ 22)2},
{(x+ b− c − 6m+ 12(k− 2)+ 22)0, (y− a+ c + 6m+ 5)1, (y− a+ c − 6m+ 12(k− 2)+ 15)1,
(z + a− b+ 6m+ 7)2},
{(x+ b− c + 6m+ 7)0, (y− a+ c − 6m+ 12(k− 2)+ 20)1, (z + a− b+ 6m+ 8)2,
(z + a− b− 6m+ 12(k− 2)+ 18)2},
{(x+ b− c + 6m+ 5)0, (x+ b− c − 6m+ 12(k− 2)+ 21)0, (y− a+ c − 6m+ 12(k− 2)+ 19)1,
(z + a− b+ 6m+ 6)2},
{(x+ b− c + 6m+ 6)0, (y− a+ c + 6m+ 2)1, (y− a+ c − 6m+ 12(k− 2)+ 18)1,
(z + a− b− 6m+ 12(k− 2)+ 23)2},
{(x+ b− c − 6m+ 12(k− 2)+ 23)0, (y− a+ c + 6m+ 4)1, (z + a− b+ 6m+ 5)2,
(z + a− b− 6m+ 12(k− 2)+ 21)2}.
The fifth part consists of the following, where 0 ≤ m ≤ k− u− 2.
(1) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z + 1 ≡ x (mod 3) and x, y, z are all even, then the fifth part consists of the
following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1},
{(y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
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{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 12)0, (x− 6m+ 12(k− 2)+ 23)0, (y+ 6m+ 3)1, (y− 6m+ 12(k− 2)+ 14)1},
{(y+ 6m+ 4)1, (y− 6m+ 12(k− 2)+ 13)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 13)0, (x− 6m+ 12(k− 2)+ 22)0, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2}.
(2) If x+ 1 ≡ y (mod 3), y+ 1 ≡ z (mod 3), z+ 1 ≡ x (mod 3), x is even and y, z are both odd, then the fifth part consists
of the following.
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1},
{(y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 7)0, (x− 6m+ 12(k− 2)+ 16)0, (y+ 6m+ 3)1, (y− 6m+ 12(k− 2)+ 14)1},
{(y+ 6m+ 4)1, (y− 6m+ 12(k− 2)+ 13)1, (z + 6m+ 16)2, (z − 6m+ 12(k− 2)+ 25)2},
{(x+ 6m+ 6)0, (x− 6m+ 12(k− 2)+ 17)0, (z + 6m+ 15)2, (z − 6m+ 12(k− 2)+ 26)2}.
(3) If x ≡ y+ 1 (mod 3), y ≡ z + 1 (mod 3), z ≡ x+ 1 (mod 3) and x, y, z are all even, then the fifth part consists of the
following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1},
{(y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (y+ 6m+ 10)1, (y− 6m+ 12(k− 2)+ 19)1},
{(y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 20)1, (z + 6m+ 6)2, (z − 6m+ 12(k− 2)+ 17)2},
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (z + 6m+ 7)2, (z − 6m+ 12(k− 2)+ 16)2}.
(4) If x ≡ y+ 1 (mod 3), y ≡ z+ 1 (mod 3), z ≡ x+ 1 (mod 3), x, y are both odd and z is even, then the fifth part consists
of the following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1},
{(y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 4)0, (x− 6m+ 12(k− 2)+ 13)0, (y+ 6m+ 9)1, (y− 6m+ 12(k− 2)+ 20)1},
{(y+ 6m+ 10)1, (y− 6m+ 12(k− 2)+ 19)1, (z + 6m+ 13)2, (z − 6m+ 12(k− 2)+ 22)2},
{(x+ 6m+ 3)0, (x− 6m+ 12(k− 2)+ 14)0, (z + 6m+ 12)2, (z − 6m+ 12(k− 2)+ 23)2}.
(5) x ≡ y ≡ z (mod 3), x, y, z are all even, then the fifth part consists of the following.
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1},
{(y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 13)0, (x− 6m+ 12(k− 2)+ 22)0, (y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1},
{(y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1, (z + 6m+ 7)2, (z − 6m+ 12(k− 2)+ 16)2},
{(x+ 6m+ 12)0, (x− 6m+ 12(k− 2)+ 23)0, (z + 6m+ 6)2, (z − 6m+ 12(k− 2)+ 17)2}.
(6) x ≡ y ≡ z (mod 3), x is even and y, z are both odd, then the fifth part consists of the following.
{(x+ 6m+ 10)0, (x− 6m+ 12(k− 2)+ 19)0, (y+ 6m+ 7)1, (y− 6m+ 12(k− 2)+ 16)1},
{(y+ 6m+ 6)1, (y− 6m+ 12(k− 2)+ 17)1, (z + 6m+ 9)2, (z − 6m+ 12(k− 2)+ 20)2},
{(x+ 6m+ 9)0, (x− 6m+ 12(k− 2)+ 20)0, (z + 6m+ 10)2, (z − 6m+ 12(k− 2)+ 19)2},
{(x+ 6m+ 6)0, (x− 6m+ 12(k− 2)+ 17)0, (y+ 6m+ 12)1, (y− 6m+ 12(k− 2)+ 23)1},
{(y+ 6m+ 13)1, (y− 6m+ 12(k− 2)+ 22)1, (z + 6m+ 6)2, (z − 6m+ 12(k− 2)+ 17)2},
{(x+ 6m+ 7)0, (x− 6m+ 12(k− 2)+ 16)0, (z + 6m+ 7)2, (z − 6m+ 12(k− 2)+ 16)2}.
The partial resolution classes are divided into three parts.
(1) For i ∈ Z3, m ∈ Z4k, l ∈ {0, 2}, let P(i,m, l) = {{(4n+ l+ j)i+1, (4n+ l+ j+ 2)i+1, (4n+ 3m+ l+ j)i+2, (4n+ 3m+
l+ j+ 2)i+2} : n ∈ Z3k, j ∈ Z2}. Then P(i,m, l) is a partial resolution class missing Gi ∪ S.
(2) Let F ′0 = {{1, 4}, {3, 6}, {5, 8}, . . . , {12k− 1, 2}}, F ′1 = {{0, 3}, {2, 5}, {4, 7}, . . . , {12k− 2, 1}}.
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Form ∈ {1, 2, . . . , 6k} \ {3j+ 2, j ∈ Z2k}, i ∈ Z2, let P ′0(m, i) = {{a1, b1, c2, d2} : {a, b} is the l-th edge of F ′i , {c, d} is the
(l+m)-th edge of F ′i , 1 ≤ l ≤ 6k}. Then P ′0(m, i) is a partial resolution class missing G0 ∪ S.
Form ∈ {1, 2, . . . , 6k}\{3j+2, j ∈ Z2k}, let P ′1(m, 0) = {{a0, b0, c2, d2} : {a, b} is the l-th edge of F ′0, {c, d} is the (l+m)-th
edge of F ′1, 1 ≤ l ≤ 6k}. Then P ′1(m, 0) is a partial resolution classmissingG1∪S. Form ∈ {1, 2, . . . , 6k}\{3j+1, j ∈ Z2k},
let P ′1(m, 1) = {{a0, b0, c2, d2} : {a, b} is the l-th edge of F ′1, {c, d} is the (l+m)-th edge of F ′0, 1 ≤ l ≤ 6k}. Then P ′1(m, 1)
is a partial resolution class missing G1 ∪ S.
Form ∈ {1, 2, . . . , 6k} \ {3j+ 1, j ∈ Z2k}, i ∈ Z2, let P ′2(m, i) = {{a0, b0, c1, d1} : {a, b} is the l-th edge of F ′i , {c, d} is the
(l+m)-th edge of F ′i , 1 ≤ l ≤ 6k}. Then P ′2(m, i) is a partial resolution class missing G2 ∪ S.
(3) Let Ft , t ∈ Z4k+8u+3, be a one-factorization of G(D, 12k),D = {1, 2, . . . , 6k} \ ({D(0, 6i − 2) : 2u + 2 ≤ i ≤ 2k − 1}
∪ {D(0, 12j + 9),D(0, 12j + 11) : u ≤ j ≤ k − 2} ∪ {2, 3}). For i ∈ Z3, 1 ≤ m ≤ 6k, t ∈ Z4k+8u+3, let
P ′′(i,m, t) = {{ai+1, bi+1, ci+2, di+2} : {a, b} is the l-th edge of Ft , {c, d} is the (l + m)-th edge of Ft , 1 ≤ l ≤ 6k}.
Then P ′′(i,m, t) is a partial resolution class missing Gi ∪ S.
We can get all the partial 2-resolution classes by combining every two partial resolution classes above.
Then the (1, 2)-RCQS((12k)3 : 12u+ 10) is obtained. 
Combining Theorems 2.5, 3.1 and 3.2, we then obtain Theorem 1.3.
4. Some new (1, 2)-resolvable Steiner quadruple systems
A Steiner quadruple system of order v, denoted by SQS(v), is a pair (X,B), where X is a v-set of points andB is a set of
4-subsets of X , called blocks, with the property that every 3-subset of X is contained in exactly one block of B. Hanani [3]
showed that an SQS(v) exists if and only if v ≡ 2 or 4 (mod 6).
An SQS(v)(X,B) is said to be (t, α)-resolvable if its block setB can be partitioned into r parts π1, π2, . . . , πr such that
(X, πi) is a t − (v, 4, α) design for all i, clearly t = 1 or 2. We will denote a (t, α)-resolvable SQS(v) by RSQS(t, α, v).
It is known by Hartman and Phelps [7] that the necessary conditions for the existence of an RSQS(1, α, v) are
v ≡ 2 or 4 (mod 6),
αv ≡ 0 (mod 4),
v(v − 1)(v − 2)
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≡ 0 (mod αv).
The classical existence question for resolvable Steiner quadruple system is the existence problem for (1, 1)-resolvable
Steiner quadruple systems. The necessary conditions for t = α = 1 reduce to v ≡ 4 or 8 (mod 12). Booth [1], Greenwell
and Lindner [2], Hartman [4–6] and Ji and Zhu [8] have proved that the necessary condition is also sufficient.
Theorem 4.1. If v is a positive integer with v > 2, then an RSQS(1, 1, v) exists if and only if v ≡ 4 or 8 (mod 12).
When α = 2, Meng and Du in [10] gave the following existence result on RSQS(1, 2, v)s.
Theorem 4.2 ([10]). There exists an RSQS(1, 2, v) for v ≡ 74 (mod 96).
Recently, Zhang and Ge [14] proved that the necessary condition is also sufficient except for v = 10 and possibly for
some values of v.
Theorem 4.3 ([14]). The necessary conditions for the existence of an RSQS(1, 2, v), i.e., v ≡ 2, 10 (mod 12), are also suffi-
cient except for v = 10 and possibly for v ∈ {82, 110, 118, 122, 130, 146, 230, 262, 298, 346, 358, 370, 386, 430, 470, 562,
670, 758, 778, 982, 1010, 1018, 1030, 1070, 1082, 1090, 1094, 1198, 1658, 1678, 1858, 2206, 2242, 2306, 2630, 2830,
2918, 2930, 3070, 3142, 3202}.
In this section, we shall construct 21 designs above. To state the following main recursive theorem for (1, α)-RSQSs, we
need the notion of a (1, α)-resolvable quadruple systemwith a (1, α)-resolvable subsystem. Let (X,B) be an RSQS (1, α, v)
with an α-resolution P1, P2, . . . , Pr(v), and let (Y ,A) be an RSQS(1, α, u) with an α-resolution P ′1, P
′
2, . . . , P
′
r(u) such that
Y ⊂ X,A ⊂ B and P ′j ⊂ Pj for 1 ≤ j ≤ r(u). Then (X, Y ,B,A) is called an RSQS(1, α, v)with a (1, α)-resolvable subsystem
of order u and will be denoted by (1, α)-RSQS(v : u). Note that subsystems of order 1 and 2 are trivially (1, 2)-resolvable.
Lemma 4.4 ([14]). There exists a (1, 2)-RSQS(22 : 10).
Lemma 4.5 ([10]). Suppose that there exists a (1, 2)-RCQS(gn : s). If there exists a (1, 2)-RSQS(g + s : s), then there exists a
(1, 2)-RSQS(ng + s : g + s).
Let v be a non-negative integer, let t be a positive integer and K be a set of some positive integers. A group divisible
t-design (or t-GDD) of order v and block sizes from K denoted by GDD (t, K , v) is a triple (X,G,B) such that
(1) X is a set of cardinality v (called points),
(2) G = {G1,G2, . . .} is a set of non-empty subsets of X (called groups) such that (X,G) is a 1-design,
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(3) B is a family of subsets of X (called blocks) each of cardinality from K such that each block intersects any given group in
at most one point,
(4) each t-set of points from t distinct groups is contained in exactly one block.
The type of the t-GDD is defined as the multiset {|G| : G ∈ G}.
A GDD(t, K , v) is said to be α-resolvable if its blocks can be partitioned into parts (called α-resolution classes) such
that each point of the design occurs in precisely α blocks in each part. We will denote an α-resolvable GDD(t, K , v) by
(1, α)-RGDD(t, K , v) and simply refer to a (1, 1)-RGDD(t, K , v) as an RGDD(t, K , v).
Lemma 4.6 ([8]). There exists an RGDD(3, 4, 4g) of type g4 for any positive integer g.
As a special case of Lemma 5.5 in [10], we can get the following result.
Lemma 4.7. If there exists a (1, 2)-RCQS(g3 : s) and a (1, 2)- RGDD(3, 4, 4g) of type g4, then there exists a (1, 2)- RCQS(gu : s)
for u ≡ 3, 7 (mod 12).
Lemma 4.8. For u ≡ 3, 7 (mod 12) and k ≥ 1, there exists a (1, 2)-RCQS((12k)u : 10) and a (1, 2)-RCQS((12k)u : 2).
Proof. From Lemma 4.6 we know that there exists an RGDD(3, 4, 48k) of type (12k)4 for k ≥ 1. The desired design
(1, 2)-RCQS(12u : 10) for u ≡ 3, 7 (mod 12) then follows from Lemma 4.7 with a (1, 2)-RCQS((12k)3 : 10) in Theorem 3.3.
Similarly, we can get the design (1, 2)-RCQS(12u : 2) for u ≡ 3, 7 (mod 12) and k ≥ 1. 
Lemma 4.9. For v ∈ {110, 118, 146, 230, 262, 470, 670, 758, 982, 1010, 1082, 1094, 1198, 1658, 1678, 2206, 2306,
2630, 2830, 2918, 3070}, there exists an RSQS(1, 2, v).
Proof. For v ∈ {110, 146, 470, 758, 1010, 1082, 1658, 2306, 2630, 2918}, write v = 3(w− 2)+ 2. From Theorem 4.3, we
know that there exists anRSQS (1, 2, w)with a subsystemof order 2 forw ∈ {38, 50, 158, 254, 338, 362, 554, 770, 878, 974};
the result then follows from Lemma 4.5 with a (1, 2)-RCQS((w − 2)3 : 2) in Theorem 1.3.
For v ∈ {670, 1094, 1198, 1678, 2206, 2830, 3070}, write v = 12n + 10. From Lemma 4.7 we know that there
exists a (1, 2)-RCQS(12n : 10) for n ∈ {55, 91, 99, 139, 183, 235, 255}; the result then follows from Lemma 4.5 with a
(1, 2)-RSQS(22 : 10) in Lemma 4.4.
For v = 118, we begin with a (1, 2)-RCQS(123 : 10) in Theorem 3.3 and apply Lemma 4.5 with a (1, 2)-RSQS(22 : 10)
to obtain a (1, 2)-RSQS(46 : 22), and then a (1, 2)-RSQS(46 : 10). The result then follows from Lemma 4.5 with a
(1, 2)-RCQS(363 : 10) in Theorem 3.3.
For v = 230, applying Lemma 4.5 with a (1, 2)-RCQS(1219 : 2) in Lemma 4.8 and a (1, 2)-RSQS(14 : 2), we obtain the
desired design.
For v = 262, applying Lemma 4.5 with a (1, 2)-RCQS(127 : 10) in Lemma 4.8 and a (1, 2)-RSQS(22 : 10) in Lemma 4.4,
we obtain a (1, 2)-RSQS(94 : 22), and then a (1, 2)-RSQS(94 : 10). The result then follows from Lemma 4.5 with a
(1, 2)-RCQS(843 : 10) in Theorem 3.3.
For v = 982, applying Lemma 4.5 with a (1, 2)-RCQS(3627 : 10) in Lemma 4.8 and a (1, 2)-RSQS(46 : 10), we obtain the
desired design. 
We then have the following existence result on RSQS(1, 2, v).
Theorem 4.10. The necessary conditions for the existence of an RSQS(1, 2, v), i.e., v ≡ 2, 10 (mod 12), are also sufficient except
for v = 10 and possibly for v ∈ {82, 122, 130, 298, 346, 358, 370, 386, 430, 562, 778, 1018, 1030, 1070, 1090, 1858,
2242, 2930, 3142, 3202}.
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